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Abstract

Statisticaldensityestimationtechniquesare usedin many
computervision applicationssuch as objecttracking, back-
ground subtraction, motion estimationand segmentation.
Theparticle �lter (Condensation)algorithmprovidesa gen-
eral framework for estimatingthe probability densityfunc-
tions(pdf) of general non-linearandnon-Gaussiansystems.
However, sincethisalgorithmis basedona MonteCarlo ap-
proach, where thedensityis representedby a setof random
samples,the numberof samplesis problematic,especially
for high dimensionalproblems. In this paper, we propose
an alternativeto theclassicalparticle �lter in which theun-
derlying pdf is representedwith a semi-parametricmethod
basedona mode�nding algorithmusingmean-shift.A mode
propagation techniqueis designedfor this new representa-
tion for tracking applications. A quasi-randomsampling
method[14] in the measurementstage is usedto improve
performance, and sequentialdensityapproximationfor the
measurementsdistribution is performedfor ef�cient compu-
tation. We applyour algorithmto a high dimensionalcolor-
basedtrackingproblem,anddemonstrateits performanceby
showingcompetitiveresultswith othertrackers.

1 Intr oduction

Many visual featuressuchasintensity, color, gradient,tex-
tureor motionarecommonlymodeledusingdensityestima-
tion. Objecttracking,backgroundsubtraction,segmentation,
andmotionestimationaretypical examplesthat involvesta-
tisticalestimationandpropagationof theunderlyingdensity.

Real-timeobject tracking is a challengingcomputervi-
sion task. Trackingbasedon the mean-shiftalgorithm [5]
searchesfor the local maximum of the object appearance
model. However, becauseit is a deterministicalgorithm,it
generallycannotrecoverfrom afailure.Thisproblemcanbe
amelioratedby probabilistictrackers using the Kalman �l-
ter andits extensions[16, 17, 18], or moregenerallyparti-
cle �lters [8, 9, 12, 13, 15] thatachieve robustnessto clutter
andocclusionbymaintainingmultiplehypothesesin thestate

space.
Particle�ltering providesa convenientframework for es-

timating and propagatingthe densityof statevariablesre-
gardlessof theunderlyingdistribution andthegivensystem.
Theparticle�lter canmanagemulti-modaldensityfunctions
effectively. Becausethesamplingmustbesuf�cient to cap-
ture thevariationsin thestatespace,a very largenumberof
samplesis oftennecessaryto guaranteesuf�cient accuracy.

Therehavebeenmany parametricdensityrepresentations
proposedfor tracking.In [11, 16], theauthorssuggestGaus-
sian mixture models,but their methodrequiresknowledge
of the numberof components,which is dif�cult to know in
advance. Additionally, it is not appropriateif there are a
large numberof modesin the underlyingpdf or the num-
ber of modeschangesfrequently. A more elaboratetarget
modelis describedin [10], wherea3-componentmixturefor
the stableprocess,the outlier dataand the wanderingterm
is designedto capturerapidtemporalvariationsin themodel.
ChamandRehg[2] introduceapiecewiseGaussianrepresen-
tationto specifythetrackerstate,in whichtheselectedGaus-
siancomponentscharacterizetheneighborhoodsaroundthe
modes.This ideais appliedto multiple hypothesistracking
in a high dimensionalspacebody tracker, but the sampling
andtheposteriorcomputationarenot straightforward. Ker-
nel densityestimation[7] is a widely usednon-parametric
approachin computervision. Its majoradvantageis the�e xi-
bility to representverycomplicateddensitieseffectively. But
its very high memoryrequirementsandcomputationalcom-
plexity inhibit theuseof this method.

This paperintroducesa densityapproximationmethod-
ology that is an alternative to kerneldensityestimation,but
computationallyassimpleasparametricmethods.It is based
on themode�nding algorithm[4, 6] by variable-bandwidth
mean-shift.Thedensityis representedwith a weightedsum
of Gaussians,whosenumber, weights, meansand covari-
ancesareautomaticallydetermined.Insteadof a batchim-
plementation,wedescribeamuchmoreef�cient incremental
densityapproximationmethod.

Wenext discusshow thisdensityapproximationtechnique
is incorporatedinto the particle �lter framework. Quasi-



randomsampling[14] andkernel-basedparticlescontribute
to decreasethe requirednumberof samples,allowing us to
addresshigherdimensionalproblems.Thenew kernel-based
particle�lter algorithmis appliedto video tracking,andits
performanceis comparedwith theclassicalparticle�lter .

This paperis organizedas follows. Section2 describes
ourmodedetectionanddensityapproximationmethod.Sec-
tion 3 introducesthenew modepropagationtechniquesin the
particle�lter framework, andsection4 presentsexperiments
for objecttrackingin video.

2 Mode Detection and Density Ap-
proximation

In this section,we presentthe iterative procedurefor mode
detectionbasedon the variable-bandwidthmean-shift[6],
andthe batchdensityapproximationusingthe modedetec-
tion technique.Then,anef�cient alternativemethod– incre-
mentalapproximation– is presented.

2.1 Batch DensityApproximation

Denoteby ��� ( 	�

��������� ) a setof meansof Gaussiansin
���

andby ��� asymmetricpositivede�nite ����� covariance
matrixassociatedwith thecorrespondingGaussian.Let each
Gaussianhave a weight ��� with � �

�"!�#

���$
%� . The sample
pointdensityestimatorcomputedat point � is givenby
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is theMahalanobisdistancefrom � to �
� . As onecansee,the

densityat � is obtainedastheaverageof Gaussiandensities
centeredat eachdatapoint �

� andhaving thecovariance�
� .

Thevariable-bandwidthmean-shiftvectoris de�ned by
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andtheweights
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�L*X
Y� .
It canbe shown that by iteratively computingthe mean-

shift vector (3) and translatingthe location � by G

(

�)* , a
modeseekingalgorithm is obtainedwhich convergesto a
stationarypoint of thedensity(1). Sincethemaximaof the
densityaretheonly stablepointsof the iterative procedure,
theconvergenceusuallyoccursat a modeof theunderlying
density. A formalcheckfor themaximuminvolvesthecom-
putationof theHessianmatrix
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which should be negative de�nite (having all eigenvalues
negative).

Supposethat the approximatedensity has ��\ unique
modesof ]�_^ (̀ 
a�������>�9\ ) with associatedweight ]

�b^ and
covariance ]

�c^ after the mode�nding procedure.Since ]

�c^

mightbequitedifferentfrom theactualcovariancein theun-
derlyingdistribution,theHessianmatrix
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The basicideaof equation(7) is to �t the covarianceusing
thecurvaturein theneighborhoodof themode.

The�nal densityapproximationis thengivenby
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and �9\�pq� is satis�edin mostcases.

2.2 IncrementalDensityApproximation

Thedensityapproximationtechniquedescribedin section2.1
is accurateandmemoryef�cient, but computationallyexpen-
sivebecausethemodedetectionprocedurefor � components
requires r

(

�

1

* time. Moreover, for eachsamplepoint, a
large numberof mean-shiftiterationsmight be requiredto
converge.To overcomethis computationalcosts,we suggest
analternativemethod,anincrementaldensityapproximation,
describedbelow.

Usually, a large numberof samplesarerequiredto esti-
matethedensitycorrectly, but thereareonly severalmodes
in theunderlyingdensityfunction.Theincrementalapproxi-
mationalgorithmis anempiricalsolutionexploiting thisfact.
Suppose� samplesareto beusedfor thedensityapproxima-
tion. Wewill processsamples,”oneata time.” If akernelas-
sociatedwith eachsamplecanbemergedincrementallywith

2



othersin thesamemode,thenthetimeto computethemean-
shift vectorwill bedecreaseddramatically.

The algorithm proceedsas follows. When the Gaus-
siankernel for the next sampleis addedto the currentden-
sity function, the densitywill be updatedby the variable-
bandwidthmean-shift.For example,if thecomponentfor the

s

th sampleis addedto the currentdensityfunction t

'vuxw

E

#>y

,
thedensityaftertheinsertionis givenby
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� � ,
t

� � and t� � are the weight and the
covarianceassociatedwith

t

� � in thecurrentdensityrespec-
tively, and �

w

E

# is thenumberof modesafter the
(

s

8ƒ�„* th
componentinsertion.In eachstep,themodedetectionproce-
dureandcovariancecomputationneedto beapplied,andthe
new densityfunction t

'

w

(

��* is estimated.After � steps,the
weightof eachsampleis adjustedto its original weight,and
theincrementaldensityapproximationcanbeobtained.

During the incrementalprocedure,two or more modes
which arecloseto eachotherin theunderlyingdensitymay
be merged, and someof them may be lost by the �nal it-
eration. This situationshouldbe avoidedsinceit increases
the approximationerror. We avoid this problemby usinga
2-stagealgorithm. In the �rst stage,the incrementalden-
sity approximationtechniqueis used with a small band-
width. This mayresultin severalspuriousmodeswhich do
not exist in the underlyingdensity. After the �nal step,let
eachcomponentin theapproximatedensitybe …
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* is a Gaussiandistribution hav-
ing a (weight,mean,covariance) triple. In thesecondstage,
thebatchdensityapproximationalgorithmdescribedin 2.1is
performedwith the

t

�L� 's asstartingpoints.Thecorrectmode
locationsandtheir covariancematricescanbecomputedac-
curatelyin thesecondstage.

The 2-stageincrementalalgorithmis very ef�cient since
the intermediateand the �nal density function in the �rst
stagehavea smallnumberof modes( �

w

pˆ� ).

2.3 Performanceof Approximation

The accuracy of theseapproximationsis demonstratedin
Figure1. Froma one-dimensionaldistribution composedof
� veweightedGaussians,200samplesaredrawn. Figure1(a)
shows theresultof kerneldensityestimation.Theresultsof
batchapproximationwith variable-bandwidthmean-shiftare
presentedin Figure1(b). The incrementalapproximationis
presentedin Figure1(c) and the numberof modesin each
incrementalstepis shown in Figure1(d).

Table1 comparesaccuracy andspeedof the approxima-
tions. Threedifferent casesare tested20 times each,and
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Figure 1: Comparisonsbetweenthe kernel density es-
timation and its approximations(1D). For the approxi-
mation, 200 samplesare drawn from the original dis-
tribution – …
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MeanIntegratedSquaredError (MISE) andexecutiontime
speedupsarecalculated.Denoteby “

w

�0” theerrorbetween
the kernel densityestimationand the original distribution,
andby “c•W–•— ( “

�

�n˜

) the error betweenthe batch(incremen-
tal) approximationandthe kerneldensityestimation. Both
densityapproximationsproducesmall errorscomparableto
kerneldensityestimation,andtheincrementalapproximation
is muchfasterwith errorscomparableto thebatchapproxi-
mation.

Figure2 showsthatbothapproximationmethodsareaccu-
rateenoughto replacekerneldensityestimationin themulti-
dimensionalcase.In 2D, theincrementalapproximationalso
hascomparableaccuracy to the batchapproximation,but it
is practicallymuchfaster.

3 Mode Propagation thr ough
BayesianFiltering

In this sectionwe will show how to usethe approximation
techniqueto propagatethedensitymodesin theparticle�lter
framework.

The particle �lter [8] is a stochasticframework to prop-
agatethe conditional density; it originatedfrom statistics
andcontrol theory. The algorithmcombinesthe dynamical
modelsandmeasurementby samplingto propagateanentire
probabilitydistribution for thestateover time.

We next explain how the semi-parametricdensityrepre-
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Table1: Performancecomparisonbetweenbatchandincre-
mentalapproximation
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1 5.0772 1.4512 3.1007 8.3502
2 2.2909 0.5323 1.2463 7.0119
3 1.0138 0.6900 1.7869 6.2597
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sentationis incorporatedinto the particle �lter , andhow to
propagatethe density throughBayesian�ltering basedon
variable-bandwidthmean-shift[6].

3.1 BayesianFiltering

The statevariable �
— ( §¨


‰

������� ) is characterizedby its
probabilitydensityfunctionestimatedfrom thesequenceof
measurements©‘— ( §�
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�����2� ).
Theprocessandmeasurementmodelaregivenby
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where «
— and ­

— arethe processanda measurementnoise,
respectively.
The conditional density of the state variable given the
measurementsis propagatedthroughpredictionandupdate
stagesby a Bayesianframework.
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3.2 Prediction

Supposethattheprior of thestatevariable� underthemea-
surementvariable © at sometime stepis representedby a
weightedmixture of Gaussians.Our goal is to retain this
representationthroughthepredictionandupdatestages,and
to representtheposteriorprobabilityin thenext stepwith the
sameform.
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Figure2: Comparisonbetweenthe kerneldensityestima-
tion andits approximations(2D). The incrementalapproxi-
mationis about11 timesfasterthanthebatchapproximation
when400 samplesaredrawn. (a) kerneldensityestimation
(b) batchapproximation(MISE = �n� •‘•n•‘µ{�¨�
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Supposethemotionmodelis assumedto bea linearfunc-
tion ª with Gaussiannoiseof covariancȩ . We actuallyuse
a zero-orderfunction in our tracker becauseit is ordinarily
dif�cult to identify a correctdynamicmodel. Thepredicted
densityfunctionis thenalsoa mixtureof Gaussians
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3.3 Sampling

Samplingdeterminesthespeedandtheaccuracy of thepar-
ticle �lter sinceit directly affects the posteriorprobability
distribution. Insteadof usingthepredicteddensityfunction
in equation(15) astheproposaldistribution, we employ the
quasi-randomsamplingmethod[14] and the �nal proposal
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where »

(

�;—�* is the uniform distribution in �9— and
º

is the
ratio for importancesampling.

3.4 Measurement

In theconventionalparticle�lter , themeasurementdistribu-
tion ®

(

©n—

5

�9—�* is completelydependenton theweightof each
particle.This representationfor thedensityresultsin thede-
pletion of samples,andrequiresa lot of particlesfor accu-
rateestimation. Here,we explain how to parameterizethe
measurementdensitywith amixtureof Gaussianssothatthe
posteriordensityis alsorepresentedwith a mixtureof Gaus-
sians.If themeasurementfor eachparticleis assumedto bea
Gaussiankernel,themeasurementdensitycanberepresented
by kerneldensityestimation.The kernel-basedparticlehas
the advantageof allowing us to computethe densityof all
pointsin thecontinuousspace.This is a nicepropertyespe-
cially for high dimensionalproblemsbecausethenumberof
samplesrequiredfor accurateestimationis smallerthanthe
classicalparticle �lter algorithm. However, kernel density
estimationis slow andmemoryinef�cient, andis not appli-
cableto real-timeapplications.

In order to avoid the inef�ciency of kerneldensityesti-
mation, the densityapproximationtechniqueintroducedin
section2 is used.In short,themean-shiftvectoris computed
for eachsamplepoint andmovesin the gradientascentdi-
rectionuntil it convergesto a local maximum.Then,we can
�nd all themodesthatexist in theunderlyingdensity, andthe
covariancematricesusingtheHessian.This allowsusto de-
creasethe memoryrequirementto representthe underlying
distributionby usingonly asmallnumberof Gaussians.

Either thebatchor the incrementalapproximationcanbe
used,andthemeasurementis alsoamixtureof ¼

— Gaussians
in thestatespaceat time step§ as
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where
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is the weight and
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is the covarianceassociated
with themean
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— ). Notethat
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is anotherstate
variablefor themeasurementequation.

3.5 Update

Sinceboththepredictionandthemeasurementfunctionsare
composedof a mixture of Gaussians,the posteriorcan be
alsorepresentedby aGaussianmixturewhich is obtainedby
the productsof the Gaussianpairs betweenpredictionand
measurementasseenin equation(13).
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Therefore,when the predictionand the measurementhave
Gaussiancomponents…
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Theresultof applyingequation(21) is a weightedGaussian
mixture, but the numberof modesin equation(21) can be
reducedby themodedetectionalgorithm. Also, thecovari-
ancematrix �

�

—

for eachdetectedmodelocation �

�

—

shouldbe
evaluatedusingtheHessianfor accuracy. Therefore,the�nal
posteriordistribution is givenby

®

(

�;—

5

©k—�*X


�

(j+k-

*

�0/61

�k·

3

�"!�#

�

�

—

5

�

�

—

5

#

/61

exp
7

8

�

+;:

1

S

�;—•<>�

�

—

<6�

�

—

T
?

(24)

where�
— is thenumberof modesat time step§ .

4 Experiments

In this section,we �rst discussa onedimensionaltracking
simulation,and thencompareour algorithm's performance
to theclassicalparticle�lter for objecttrackingin realvideo.

4.1 1D Simulation

For this experiment,the processmodel is given by the fol-
lowing equation,
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is givenby anon-linearfunction
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� ‹ andtheobservationnoise ­)— is drawn from
a Gaussiandistribution …
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�4�Ø* . Onehundredparticles
are drawn by the quasi-randomsamplingmethod,and the
densityis estimatedandpropagatedfor eachtimestep§ ( �ÚÙ
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Figure 3: The sequenceof 1D tracking simulation. The
top of each�gure shows theprior probability, thesecondis
the measurementfunction, andthe last one is the posterior
probability. In theposteriorpdf, the(red)verticalbardenotes
thetruelocationof target.

As seenin Figure3, themulti-modaldensitiesareeffec-
tively representedwith the mixture of Gaussians,and the
statedensityis propagatedthroughthemeasurementandup-
datestages.The sameexperimentwasrepeated100 times,
and the Mean SquaredError (MSE) betweenthe true and
the estimatedtarget locationwascomputed.The MSE and
the varianceof our algorithm are 0.284 and 0.136 respec-
tively, whicharebetterthantheclassicalparticle�lter (MSE
= 0.340,variance= 0.294).

4.2 Object Tracking in Video

Color-basedtrackerssuchas [3, 5] searchthe imagespace
deterministically, and they might fall into a local mini-
mum. To overcomethis limitation, the color-basedmulti-
hypothesistrackingwasproposedin [13] which is basedon
the particle �lter . We have implementedthe probabilistic
color-basedtracker usingtheclassicalparticle�lter andthe
kernel-basedparticle �lter with the densityapproximation,
andcomparetheir performanceon trackingtwo objects– a
handcarryingacan– in thissection.

For both trackers, the stateis describedby a 10 dimen-
sionalvectorwhichis theconcatenationof two 5dimensional

vectorsrepresentingtwo independentellipses,onefor each
object.
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where
Ü

� and Þ � ( 	Û
á�n<

+

) arethe locationof ellipses,ß

Ü

� is
the lengthof

Ü

-axis, ß‚Þ � is the lengthof Þ -axis,and à � is the
rotationvariable.

As statedpreviously, we do not assumeany speci�c pro-
cessmodel,sothat thenext positionof thetrackedobjectis
predictedto bewithin theGaussiannoiseareafrom thepre-
viousposition. This assumptionis naturalfor themotionof
objectsin video, andsimpleto managebecauseit is linear.
So,theprocessmodelequation(10) canberewritten asfol-
lows.
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where« — is azeromeanGaussianrandomvariable.
The likelihoodof eachstepis basedon the similarity of

the normalizedRGB histogrambetweenthe target and the
candidates.Supposedthat thehistogramof the target is de-
notedby â0ã
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in the histogramand �
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distancein equation(29) is usedto measurethe similarity
betweentwo histograms
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andthemeasurementfunctionat time § is givenby
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where íî
Y�

‰

is aconstant.
Eachsampleitself is themeanof theparticle,andall the

particleshave equalweights. The covariancematrix is de-
terminedby Abramson's law [1] basedon the probability
computedby equation(30). 400 particlesare drawn from
theproposaldistribution in equation(16),andtheincremen-
tal densityapproximationmethoddiscussedin section2.2 is
usedto computethemeasurementdensity.

The resultsfor both trackersareshown in Figure4. As
seenin the �gure, theclassicalparticle�lter algorithmfails
in trackingearly, probablydueto the insuf�cient numberof
samples,but our algorithm successfullytracksthroughthe
wholesequence.

5 Conclusions

We proposeda methodfor approximatinga density func-
tion, andpracticallyspeedingup the approximationproce-
dure.We incorporatedthesedensityapproximationmethods
into the particle �lter framework, and developeda kernel-
basedparticle�lter algorithm. Thekernel-basedparticle�l-
tering needsa relatively small numberof particles,andthe
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(a) (b)

(c) (d)
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Figure4: (a)(c)(e)areresultsof theclassicalparticle�lter ,
and(b)(d)(f) areresultsof kernel-basedparticle�lter at time

§{
ï‹

‰

<��

‰‘‰

<��Ø‹

‰

. The classicalparticle �lter losesthe tar-
get,but our algorithmtrackssuccessfullythroughthewhole
sequence.

computationalrequirementsarereducedby the incremental
approximation.

Thevarioussimulationsshow theeffectivenessof theden-
sity approximationmethodsandthekernel-basedparticle�l-
tering,andour algorithmcanoutperformtheclassicalparti-
cle �lter for object tracking,usinga small numberof sam-
ples.
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