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Abstract

Statistical density estimationtechniquesare usedin many
computervision applicationssud as objecttradking, back-
ground subtraction, motion estimationand segmentation.
Thepatrticle Iter (Condensationglgorithm providesa gen-
eral framewvork for estimatingthe probability densityfunc-
tions (pdf) of geneil non-linearand non-Gaussiarsystems.
However, sincethis algorithmis basedon a MonteCarlo ap-
proach, whele the densityis representedy a setof random
samplesthe numberof samplesis problematic,especially
for high dimensionalproblems. In this paper we propose
an alternativeto theclassicalparticle Iter in which theun-
derlying pdf is representedvith a semi-paametric method
basedona mode nding algorithmusingmean-shiftA mode
propagation techniqueis designedor this new representa-
tion for tracking applications. A quasi-andomsampling
method[14] in the measuementstage is usedto improve
performance and sequentialdensityapproximationfor the
measuementdistribution is performedfor efcient compu-
tation. We apply our algorithmto a high dimensionakolor-
basedradking problem,anddemonstateits performancedy
showingcompetitiveresultswith othertradkers.

1 Intr oduction

Many visual featuressuchasintensity color, gradient,tex-
ture or motionarecommonlymodeledusingdensityestima-
tion. Objecttracking,backgroundsubtractionsegmentation,
andmotion estimationaretypical examplesthatinvolve sta-
tistical estimationrandpropagatiorof the underlyingdensity
Real-timeobjecttrackingis a challengingcomputervi-
sion task. Trackingbasedon the mean-shiftalgorithm[5]
searchedor the local maximum of the object appearance
model. However, becausat is a deterministicalgorithm, it
generallycannotrecover from afailure. This problemcanbe
amelioratedby probabilistictrackers using the Kalman |I-
ter andits extensiong16, 17, 18], or more generallyparti-
cle lters [8, 9, 12, 13, 15] thatachieve robustnesdo clutter
andocclusionby maintainingmultiple hypothesem thestate
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space.

Particle Itering providesa corvenientframework for es-
timating and propagatingthe density of statevariablesre-
gardlesof the underlyingdistribution andthe givensystem.
Theparticle lter canmanagamulti-modaldensityfunctions
effectively. Becausdhe samplingmustbe sufcient to cap-
ture the variationsin the statespacea very large numberof
sampless oftennecessaryo guarantesufcient accurag.

Therehave beenmary parametricdensityrepresentations
proposedor tracking.In [11, 16], theauthorssuggestGaus-
sian mixture models,but their methodrequiresknowledge
of the numberof componentswhich is dif cult to know in
adwance. Additionally, it is not appropriateif thereare a
large numberof modesin the underlying pdf or the num-
ber of modeschangedrequently A more elaboratetarget
modelis describedn [10], wherea 3-componeninixturefor
the stableprocessthe outlier dataand the wanderingterm
is designedo capturerapidtemporalvariationsin themodel.
ChamandRehg[2] introduceapiecaviseGaussiamepresen-
tationto specifythetracker state jn whichtheselectedsaus-
siancomponentsharacterizehe neighborhoodsiroundthe
modes. This ideais appliedto multiple hypothesigracking
in a high dimensionakpacebody tracker, but the sampling
andthe posteriorcomputationare not straightforvard. Ker-
nel densityestimation[7] is a widely usednon-parametric
approachn computewision. Its majoradvantages the e xi-
bility to representery complicateddensitieseffectively. But
its very high memoryrequirements&ndcomputationatom-
plexity inhibit the useof this method.

This paperintroducesa density approximationmethod-
ology thatis an alternatve to kerneldensityestimation,but
computationallyassimpleasparametrianethodslt is based
on the mode nding algorithm[4, 6] by variable-bandwidth
mean-shift. The densityis representedvith a weightedsum
of Gaussianswhosenumber weights, meansand covari-
ancesare automaticallydetermined.Insteadof a batchim-
plementationye describeamuchmoreef cient incremental
densityapproximatiormethod.

We next discusshow thisdensityapproximatiortechnique
is incorporatedinto the particle Iter framework. Quasi-



randomsampling[14] andkernel-basegbarticlescontritute
to decreasehe requirednumberof samplesallowing usto
addressigherdimensionaproblems.Thenew kernel-based
particle Iter algorithmis appliedto video tracking,andits
performancés comparedvith theclassicaparticle lter .

This paperis organizedasfollows. Section2 describes
our modedetectionanddensityapproximatiormethod.Sec-
tion 3 introduceghenew modepropagatiortechniquesn the
particle Iter framework, andsectiord presentgxperiments
for objecttrackingin video.

2 Mode Detection and Density Ap-
proximation

In this section,we presenthe iterative procedurefor mode
detectionbasedon the variable-bandwidthmean-shift[6],
andthe batchdensityapproximationusingthe modedetec-
tion techniqueThen,anef cient alternatve method-incre-
mentalapproximation-is presented.

2.1 Batch Density Approximation

Denoteby  ( ) a setof meansof Gaussiansn
andby  asymmetricpositive de nite covariance
matrix associateavith the correspondingsaussianLet each
Gaussiarhave aweight  with . Thesample
pointdensityestimatorcomputedat point  is givenby

exp -
where .

&)
istheMahalanobiglistancdrom to . Asonecanseethe

densityat is obtainedasthe average of Gaussiandensities
centeredhteachdatapoint  andhaving thecovariance
Thevariable-bandwidtimean-shiftvectoris de ned by

®3)

where
4
andtheweights

exp -

(®)

satisfy .
It canbe shavn that by iteratively computingthe mean-
shift vector (3) and translatingthe location by , a

mode seekingalgorithm is obtainedwhich corvergesto a

stationarypoint of the density(1). Sincethe maximaof the

densityarethe only stablepointsof theiterative procedure,
the corvergenceusually occursat a modeof the underlying

density A formal checkfor the maximuminvolvesthe com-

putationof the Hessiammatrix

exp -

(6)

which should be negative de nite (having all eigervalues
negative).

Supposethat the approximatedensity has  unique

modesof  ( ) with associatedveight and

covariance  afterthe mode nding procedure.Since
mightbe quitedifferentfrom the actualcovariancein theun-

derlyingdistribution,theHessiammatrix ~ of eachmodeis
usedfor the computatiorof

()

The basicideaof equation(7) isto t the covarianceusing
thecurvaturein the neighborhooaf themode.
The nal densityapproximatioris thengivenby

exp -

(8)

and is satis edin mostcases.

2.2 Incremental Density Approximation

Thedensityapproximatiortechniqueadescribedn section2.1
is accurateandmemoryef cient, but computationallyexpen-
sive becaus¢hemodedetectiorprocedurdor components
requires time. Moreover, for eachsamplepoint, a
large numberof mean-shiftiterationsmight be requiredto
converge. To overcomethis computationatosts,we suggest
analternatve method anincrementatiensityapproximation,
describedelow.

Usually;, a large numberof samplesare requiredto esti-
matethe densitycorrectly but thereareonly severalmodes
in theunderlyingdensityfunction. Theincrementabpproxi-
mationalgorithmis anempiricalsolutionexploiting thisfact.
Suppose samplesreto beusedfor thedensityapproxima-
tion. We will processamplesoneatatime? If akernelas-
sociatedvith eachsamplecanbe mergedincrementallywith



othersin thesamemode thenthetime to computehemean-
shift vectorwill bedecreasedramatically

The algorithm proceedsas follows. When the Gaus-
siankernelfor the next sampleis addedto the currentden-
sity function, the densitywill be updatedby the variable-
bandwidthmean-shift.For example,if thecomponenfor the

th sampleis addedto the currentdensityfunction ,

thedensityaftertheinsertionis givenby

C)
where , and arethe weight andthe
covarianceassociateavith  in the currentdensityrespec-
tively, and is the numberof modesafterthe th

componeninsertion.In eachstep,themodedetectiorproce-
dureandcovariancecomputatiomeedto beapplied,andthe
new densityfunction is estimated.After steps,the
weightof eachsampleis adjustedo its original weight,and
theincrementadensityapproximatiorcanbe obtained.

During the incrementalprocedure two or more modes
which arecloseto eachotherin the underlyingdensitymay
be merged, and someof them may be lost by the nal it-
eration. This situationshouldbe avoided sinceit increases
the approximationerror. We avoid this problemby usinga
2-stagealgorithm. In the rst stage,the incrementalden-
sity approximationtechniqueis usedwith a small band-
width. This mayresultin several spuriousmodeswhich do
not exist in the underlyingdensity After the nal step,let
eachcomponentin theapproximatelensitybe
( ) where is a Gaussiardistribution hav-
ing a (weight,mean covariance triple. In the secondstage,
thebatchdensityapproximatioralgorithmdescribedn 2.1is
performedwith the 'sasstartingpoints. Thecorrectmode
locationsandtheir covariancematricescanbe computedac-
curatelyin the seconcstage.

The 2-stageincrementaklgorithmis very ef cient since
the intermediateand the nal densityfunctionin the rst
stagehave a smallnumberof modeg ).

2.3 Performanceof Approximation

The accurag of theseapproximationsis demonstratedn
Figurel. Froma one-dimensionatiistribution composef
veweightedGaussian200samplesaredravn. Figurel(a)
shaws theresultof kerneldensityestimation.The resultsof
batchapproximatiorwith variable-bandwidtimean-shiftare
presentedn Figure1(b). The incrementabpproximations
presentedn Figure 1(c) andthe numberof modesin each
incrementaktepis shovn in Figure1(d).
Table1 comparesaccuray andspeedof the approxima-
tions. Threedifferentcasesare tested20 times each,and
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Figure 1:  Comparisonshetweenthe kernel density es-
timation and its approximations(1D). For the approxi-
mation, 200 samplesare dravn from the original dis-
tribution — , , ,

,and . (a) kerneldensityesti-
mation(b) batchapproximation(c) incrementalapproxima-
tion (d) numberof modesin eachincrementaktep

Mean IntegratedSquarederror (MISE) and executiontime
speedupsire calculated.Denoteby the error between
the kernel density estimationand the original distribution,
and by ( ) the error betweenthe batch (incremen-
tal) approximationandthe kerneldensityestimation. Both
densityapproximationgproducesmall errorscomparablgo
kerneldensityestimationandtheincrementabpproximation
is muchfasterwith errorscomparabléo the batchapproxi-
mation.

Figure2 shavsthatbothapproximatiormethodsareaccu-
rateenoughto replacekerneldensityestimationin the multi-
dimensionatase.n 2D, theincrementabpproximatioralso
hascomparableaccurag to the batchapproximationbut it
is practicallymuchfaster

3 Mode Propagation
BayesianFiltering

through

In this sectionwe will shov how to usethe approximation
techniqudo propagatéhedensitymodesn theparticle lter
framework.

The particle Iter [8] is a stochastidramework to prop-
agatethe conditional density; it originatedfrom statistics
andcontroltheory The algorithm combinesthe dynamical
modelsandmeasuremerniiy samplingto propagatenentire
probability distribution for the stateovertime.

We next explain how the semi-parametriclensityrepre-



Table1: Performanceomparisorbetweerbatchandincre-
mentalapproximation

MISE ( ) speedup
case (batch/incremental)
1 5.0772| 1.4512| 3.1007 8.3502
2 | 2.2909| 0.5323| 1.2463 7.0119
3 1.0138| 0.6900| 1.7869 6.2597

- casel:
- case2:

- case3:

sentationis incorporatednto the particle Iter, andhow to
propagatethe density through Bayesian ltering basedon
variable-bandwidtimean-shif{6].

3.1 BayesianFiltering

The statevariable  ( ) is characterizedy its

probability densityfunction estimatedrom the sequencef

measurements ( ).
Theprocesandmeasuremenhodelaregivenby

(10)
(11)

where and arethe processanda measurememoise,
respectiely.

The conditional density of the state variable given the
measurements propagatedhroughpredictionandupdate

stagedy a Bayesiarframawork.

(12)

- (13)

where is a normalization

constanindependenof . Theposteriomprobabilityattime
step , , Is usedasa prior in the next step.

3.2 Prediction

Supposeéhatthe prior of the statevariable underthe mea-
surementvariable at sometime stepis representedy a
weightedmixture of Gaussians.Our goal is to retain this
representatiothroughthe predictionandupdatestagesand
to representheposteriomprobabilityin the next stepwith the
sameform.

Denoteby  ( ) a setof meansn andby

the correspondingovariancematricesattime step . Let

Y
N

(O

0 50 100 150 200 250 300 350 400

(d)

Figure2: Comparisorbetweenthe kerneldensityestima-
tion andits approximationg2D). The incrementalapproxi-
mationis aboutl1 timesfasterthanthe batchapproximation
when400 samplesaredrawn. (a) kerneldensityestimation
(b) batchapproximationMISE = ) (¢) incre-
mentalapproximationMISE = ) (d) number
of modesin eachincrementaktep

eachGaussiarhave aweight  with , andlet
theprior densityfunctionbe givenby
exp -
(14)

Supposghemotionmodelis assumedo bealinearfunc-
tion with Gaussiamoiseof covariance . We actuallyuse
a zero-orderfunction in our tracker becauset is ordinarily
dif cult to identify a correctdynamicmodel. The predicted
densityfunctionis thenalsoa mixture of Gaussians

exp -

(15)
where and are obtained from the modes of
andthelinearprocessquation(10).

3.3 Sampling

Samplingdetermineghe speedandthe accurag of the par
ticle lter sinceit directly affects the posteriorprobability
distribution. Insteadof usingthe predicteddensityfunction
in equation(15) asthe proposaldistribution, we employ the
guasi-randonmsamplingmethod[14] andthe nal proposal



distributionis

(16)

where is the uniform distribution in and is the

ratio for importancesampling.

3.4 Measurement

In the corventionalparticle Iter , the measuremendistribu-
tion is completelydependenbn theweightof each
particle. This representatiofor the densityresultsin the de-
pletion of samplesandrequiresa lot of particlesfor accu-
rate estimation. Here, we explain how to parameterizeéhe
measuremerdensitywith a mixtureof Gaussiansothatthe
posteriordensityis alsorepresentedith a mixture of Gaus-
sians.If themeasuremerfor eachparticleis assumedo bea
Gaussiarkernel themeasuremertensitycanberepresented
by kerneldensityestimation. The kernel-basegbarticle has
the advantageof allowing us to computethe density of all
pointsin the continuousspace.This is a nice propertyespe-
cially for high dimensionaproblemsbecausé¢he numberof
samplegequiredfor accuratesstimationis smallerthanthe
classicalparticle lter algorithm. However, kernel density
estimationis slov andmemoryinef cient, andis not appli-
cableto real-timeapplications.

In orderto avoid the inef ciency of kerneldensityesti-
mation, the density approximationtechniqueintroducedin
section2 is used.In short,the mean-shiftvectoris computed
for eachsamplepoint and movesin the gradientascentdi-
rectionuntil it corvergesto alocal maximum.Then,we can

nd all themodeghatexistin theunderlyingdensity andthe

covariancematricesusingthe Hessian.This allows usto de-
creasethe memoryrequiremento representhe underlying
distribution by usingonly asmallnumberof Gaussians.

Eitherthe batchor the incrementabpproximatiorcanbe
usedandthemeasuremens alsoamixtureof =~ Gaussians
in the statespaceattime step as

17

where istheweightand s the covarianceassociated
with themean ( ). Notethat is anotherstate
variablefor the measuremergquation.

3.5 Update

Sinceboththe predictionandthe measuremerftinctionsare
composedodf a mixture of Gaussiansthe posteriorcan be
alsorepresentetly a Gaussiamixturewhichis obtainedoy
the productsof the Gaussiarpairs betweenpredictionand
measuremerdasseenn equation(13).

The products of two Gaussians, and
, is alsoa Gaussiardistribution

givenby
(18)
(19)
(20)
Therefore,whenthe predictionand the measuremenhave
Gaussiancomponents ( and

respectiely, the productof
thetwo distributionis asfollows.

(21)

where
(22)

(23)

Theresultof applyingequation(21) is a weightedGaussian
mixture, but the numberof modesin equation(21) canbe
reducedby the modedetectionalgorithm. Also, the covari-
ancematrix  for eachdetectednodelocation shouldbe
evaluatedusingtheHessiarfor accurag. Thereforethe nal
posteriordistributionis givenby

(24)

where is thenumberof modesattime step .

4 Experiments

In this section,we rst discussa one dimensionaltracking
simulation,and then compareour algorithm's performance
to theclassicabparticle Iter for objecttrackingin realvideo.

4.1 1D Simulation

For this experiment,the procesamodelis given by the fol-
lowing equation,

(25)

where , ,and is theran-
domvariablefor the processoise. The measuremenhodel
is givenby anon-linearfunction

(26)



where andthe obserationnoise is drawn from

a Gaussiardistribution . Onehundredparticles
are drawn by the quasi-randormsamplingmethod,and the
densityis estimatecandpropagatedor eachtime step (
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Figure3: The sequenceof 1D tracking simulation. The
top of each gure shows the prior probability, the seconds
the measuremenfunction, andthe last oneis the posterior
probability. In theposteriompdf, the(red)verticalbardenotes
thetruelocationof target.

As seenin Figure3, the multi-modaldensitiesare effec-
tively representedvith the mixture of Gaussiansand the
statedensityis propagatedhroughthe measuremergndup-
datestages.The sameexperimentwas repeatedl00 times,
and the Mean SquaredError (MSE) betweenthe true and
the estimatedarget locationwas computed. The MSE and
the varianceof our algorithm are 0.284 and 0.136 respec-
tively, which arebetterthantheclassicaparticle lter (MSE
=0.340,variance= 0.294).

4.2 Object Tracking in Video

Color-basedrackerssuchas|[3, 5] searchthe imagespace
deterministically and they might fall into a local mini-
mum. To overcomethis limitation, the color-basedmulti-
hypothesigrackingwasproposedn [13] which is basedon
the particle lter. We have implementedthe probabilistic
color-basedracker usingthe classicalparticle Iter andthe
kernel-basegarticle Iter with the densityapproximation,
and comparetheir performanceon trackingtwo objects— a
handcarryinga can—in this section.

For both traclkers, the stateis describedby a 10 dimen-
sionalvectorwhichis theconcatenationf two 5 dimensional

vectorsrepresentingwo independentllipses,onefor each
object.

(27)

where and (
thelengthof -axis,
rotationvariable.

As statedpreviously, we do not assumeary speci ¢ pro-
cessmodel,sothatthe next positionof thetracked objectis
predictedto bewithin the Gaussiamoiseareafrom the pre-
vious position. This assumptions naturalfor the motion of
objectsin video, andsimpleto managebecauset is linear
So, the procesamodelequation(10) canbe rewritten asfol-
lows.

) arethelocationof ellipses, is
is thelengthof -axis,and isthe

(28)

where is azeromeanGaussiamandomvariable.

The likelihood of eachstepis basedon the similarity of
the normalizedRGB histogrambetweenthe target and the
candidates Supposedhat the histogramof the targetis de-
notedby ( ), where is thenumberof bins

in the histogramand . The Bhattacharyya
distancein equation(29) is usedto measurethe similarity
betweertwo histograms

(29)

andthemeasuremerftinctionattime is givenby
exp (30)

where is aconstant.

Eachsampleitself is the meanof the particle,andall the
particleshave equalweights. The covariancematrix is de-
terminedby Abramsons law [1] basedon the probability
computedby equation(30). 400 particlesare drawvn from
the proposaldistributionin equation(16), andtheincremen-
tal densityapproximatiormethoddiscussedhn section2.2is
usedto computethe measuremerdensity

The resultsfor both trackersare shovn in Figure4. As
seenin the gure, the classicalparticle Iter algorithmfails
in trackingearly, probablydueto theinsufcient numberof
samplesbut our algorithm successfullytracksthroughthe
wholesequence.

5 Conclusions

We proposeda methodfor approximatinga density func-
tion, and practically speedingup the approximationproce-
dure.We incorporatedhesedensityapproximatiormethods
into the particle Iter framework, and developeda kernel-
basedparticle lter algorithm. The kernel-basegbarticle I-

tering needsa relatively small numberof particles,andthe
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Figure4: (a)(c)(e)areresultsof the classicalparticle lter,
and(b)(d)(f) areresultsof kernel-basegarticle Iter attime

. The classicalparticle Iter losesthe tar
get, but our algorithmtrackssuccessfullythroughthe whole
sequence.

computationafequirementare reducedby the incremental
approximation.

Thevarioussimulationsshav theeffectivenes®f theden-
sity approximatiormethodsandthekernel-basegarticle I-
tering, andour algorithmcanoutperformthe classicalparti-
cle Iter for objecttracking,usinga small numberof sam-
ples.
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